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The impedances and internal force distributions of a pile and pile groups subjected to horizontal harmonic pile-head loads have been studied. A
layered Pasternak model, which overcomes the limitation of the Winkler model, that ignores the shear stiffness of the soil, is developed to
describe the reaction of the soil on piles. The differential equation of the horizontal damped vibrations of a pile is solved by the initial parameter
method, combined with transfer-matrix formulations, to deal with the layered property of the soil. The superposition approach, based on the
interaction factors, is taken to estimate the effects of pile groups. The precision and the applicability of the method are demonstrated through this
study. Comparing the results of the Pasternak model and the Winkler model, it is revealed that the role of soil shear has an inﬂuence on the
impedances of a single pile and pile groups, especially in the case of a low pile–soil modulus ratio.
& 2014 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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Piles have been widely applied in deep foundations in various
ﬁelds of engineering, such as high-rise buildings, bridges and
offshore platforms, due to their high bearing capacity and good
seismic performance. The dynamic impedance of a pile, which
describes the force–displacement relationship including stiffness
and damping, is a key issue when studying the soil–structure
interaction (SSI) under seismic or impact excitations. In practical
engineering, piles are commonly used in the form of closely
spaced groups. Therefore, in addition to the loads transmitted
from the pile caps, each pile in the group experiences the attached
loads arising chieﬂy from the interference of wave ﬁelds coming10.1016/j.sandf.2014.09.001
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der responsibility of The Japanese Geotechnical Society.from the adjacent piles. This phenomenon is called the dynamic
group effect. The approaches to evaluate the dynamic impedance
of pile groups can be classiﬁed into two main categories: (1) The
direct method is generally realized by numerical methods, such as
the ﬁnite element method (Tamura et al., 2012; Allani and
Holeyman, 2013) or the boundary element method (Maeso et al.,
2005); (2) The superposition method (Markis and Gazetas, 1992)
is based on the interaction factors, rather than simply super-
imposed impedances, of every pile in the group. It is well known
that the ﬁnite and boundary element models are far too
complicated and time-consuming to solve a large practical
project, while the superposition method is a simple, and yet,
commonly effective approach to problem solving.
Poulos (1968) ﬁrst presented the concept of “interaction
factors” for the mechanical study of a statically loaded pile
group, which was latterly extended to a dynamic analysis
(Kaynia and Kausel, 1982; Ghazavi et al., 2013). The factorsElsevier B.V. All rights reserved.
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Fig. 1. Model description. (a) Horizontal vibration of piles in Pasternak
layered foundation; (b) pile element in soil layer; and (c) relative position of
two piles.
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through the boundary integral approach (Gazetas et al., 1991).
The dynamic response of a pile group embedded in homo-
geneous and non-homogeneous soil media was provided by
the superposition method (Kaynia and Kausel, 1991; Miura
et al., 1994). Dobry and Gazetas (1988) used the Winkler
model to calculate the dynamic interaction factors in a pair of
piles embedded in a uniform stratum, in which the interaction
between the receiver pile and the surrounding soil was
disregarded. The method was further reﬁned to obtain the
dynamic interaction of a single pile (Markis, 1994) and a pile
group (Markis and Badoni, 1995) under Rayleigh-waves by
considering the pile–soil–pile interaction. Mylonakis and
Gazetas (1999) presented a simpliﬁed analytical formulation
to estimate the interaction factors, dynamic impedances and
internal forces of a pile group embedded in soil with linearly
varying elasticity based on the Winkler model. Halabe and Jain
(1996) showed the inﬂuence of a preloaded axial force on the
natural frequency of a single pile using the Winkler model.
Hasan and Mehraz (2011) analyzed the interaction factors
between two adjacent piles with an inclination angle (less than
301). It is well known that in the Winkler model, the pile is
treated as a beam imbedded in an elastic foundation and the
reaction of the soil against the pile deformation is modeled by
the closely distributed springs and dashpots along the pile
shaft. Due to its clear physical concept and low computational
complexity, the Winkler model has been the subject of detailed
researches and has experienced widespread applications.
However, the Winkler model assumes that the foundation
pressure at any point is only proportional to the deﬂection at that
point. Therefore, it cannot represent the continuous deformation
of a practical foundation. To overcome the limitations of the
Winkler model, the Pasternak model, which considers the shear
behavior of soil, has been introduced to investigate the mechan-
ical behavior of foundations (Rosa and Maurizi, 1999; Zhou
et al., 2006). Rosa and Maurizi (1999) solved the differential
equation of motion for a Pasternak foundation pile with a
piecewise constant cross-section, in the presence of elastically
ﬂexible ends and axial tip force. Filipic and Rosalesa (2002)
presented the solutions, stated by means of the extended
trigonometric series, for the natural frequencies and critical
buckling loads of a pile embedded in soil simulated by two
elastic parameters. Dogan and Mesut (2011) studied the free
vibration of a graded pile embedded in a uniform Pasternak
foundation. The variation in the non-dimensional frequency of a
single pile was analyzed with respect to the two elastic
parameters. To the best of the authors' knowledge, there have
been no reports of studies on the dynamic impedance of pile
groups based on the Pasternak model.
In this paper, the horizontal vibrations of a pile group in a
layered Pasternak foundation are investigated. The differential
equation of horizontal damped vibrations for a pile is solved by
the initial parameter method. The horizontal impedance of a
single pile and the interaction factor between two adjacent piles
are obtained by using the transfer matrix method. The horizontal
impedance of a pile group and the distribution of internal forces
along each pile shaft are ﬁnally obtained by the superpositionmethod. The effects of various structural and soil parameters on
the impedance of the pile group are analyzed in detail.
2. Formulations
2.1. Horizontal vibration of a pile
Consider a cylindrical elastic pile excited by a horizontal
harmonic force or moment acting on the pile head, as the
source pile shown in Fig. 1(a). The foundation is taken into
account as a system composed of inﬁnitely close linear springs
and dashpots, which are connected through an incompressible
shear layer. According to the speciﬁc distribution of the
stratum, the pile is divided into N segments along its shaft
with the origin at the head, so that the soil in each segment has
uniform mechanical properties. The Euler–Bernoulli beam
theory is used to describe the transverse vibration of the pile.
The Pasternak model is used to describe the reaction of the soil
on the pile. The governing dynamic equation of the ith
segment embedded in a uniform soil, shown in Fig. 1(b),
can be expressed as
EpIp
∂4uAiðz; tÞ
∂z4
þρpAp
∂2uAiðz; tÞ
∂t2
þcsi
∂uAiðz; tÞ
∂t
gsi
∂2uAiðz; tÞ
∂z2
þksiuAiðz; tÞ ¼ 0 ð1Þ
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and EpIp is the ﬂexural rigidity of the pile; ρpAp is the mass per
unit length along the pile; ksi and csi are the compressive
stiffness and damping coefﬁcient of the ith layer, respectively,
whose algebraic expressions have been developed (Gazetas
and Dobry, 1984); gsi is the shear stiffness of the ith shear
layer. We deﬁne the ratio of the elastic foundation parameters
in the Pasternak model as λGi¼gsi/ksi. It is clear that if λGi¼0,
this model degenerates to the usual Winkler model.
During the steady-state harmonic vibration, the transverse
deﬂection of the single pile, without consideration of the
damping effect, can be expressed as uAi(z,t)¼UAi(z)eiωt, where
i¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
. In such a case, Eq. (1) becomes
d4UAiðzÞ
dz4
 δ
2
i
h2i
d2UAiðzÞ
dz2
 η
4
i
h4i
UAiðzÞ ¼ 0 ð2Þ
where δi and ηi are deﬁned by δi ¼ hi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
λGksi=EpIp
p
and
ηi ¼ hi
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ρpApω2ksi icsiω
 
=EpIp
4
q
, respectively. The
four characteristic roots of Eq. (2) are
7
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ððδi=hiÞ27
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðδi=hiÞ4þ4ðηi=hiÞ4
q
Þ=2
r
. Therefore, the gen-
eral solution for Eq. (2) is given by
UAiðzÞ ¼ A1i cosh
ς1i
hi
zþB1i sinh
ς1i
hi
zþC1i cos
ς2i
hi
zþD1i sin
ς2i
hi
z
ð3Þ
where ς1i ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðδ2i =2Þþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðδ4i =4Þþη4i
qr
and ς2i ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðδ4i =4Þþη4i
q
ðδ2i =2Þ
r
, and A1i; B1i; C1i; D1i are unknown
coefﬁcients which can be determined by the boundary condi-
tions at the pile head and the pile tip.
Rotation angle ψAi(z), bending moment MAi(z) and shear
force PAi(z) of the pile are
ψAiðzÞ ¼ 
dUAiðzÞ
dz
¼  ς1i
hi
A1i sinh
ς1i
hi
zþB1i cosh
ς1i
hi
z
 
 s2i
hi
C1i sin ς2ihi
zþD1i cos ς2ihi
z
 
ð4Þ
MAiðzÞ ¼ EpIp
d2UAiðzÞ
dz2
¼ EpIp
ς21i
hi
2 A1i cosh
ς1i
hi
zþB1i sinh
ς1i
hi
z
 
þEpIp
ς22i
hi
2 C1i cos
ς2i
hi
zD1i sin
ς2i
hi
z
 
ð5Þ
PAiðzÞ ¼ EpIp
d3UAiðzÞ
dz3
¼ EpIp
ς31i
hi
3 A1i sinh
ς1i
hi
zþB1i cosh
ς1i
hi
z
 
þEpIp
ς32i
hi
3 C1i sin
ς2i
hi
zD1i cos
ς2i
hi
z
 
ð6Þ
We deﬁne a local coordinate system for the ith segment to
describe the deﬂections and internal forces at the top of thesegment as
UAið0Þ ¼ A1iþC1i
ψAið0Þ ¼  ς1ihi B1i
ς2i
hi
D1i
MAið0Þ ¼ EpIp ς
2
1i
hi
2 A1i ς
2
2i
h2i
C1i
 
PAið0Þ ¼ EpIp ς
3
1i
h3i
B1i ς
3
2i
h3i
D1i
 
8>>><
>>>>:
ð7Þ
Adopting the initial parameter method, the four undeter-
mined coefﬁcients, A1i, B1i, C1i and D1i, can be obtained from
Eq. (7) as follows:
A1i ¼ ς22ik1iUAið0Þþh2i k1iMAið0Þ=EpIp
B1i ¼ ς22ik2iψAið0Þþh2i k2iPAið0Þ=EpIp
C1i ¼ ς21ik1iUAið0Þh2i k1iMAið0Þ=EpIp
D1i ¼ ς21ik3iψAið0Þh2i k3iPAið0Þ=EpIp
8>><
>>>:
ð8Þ
where
k1i ¼
1
ς21iþς22i
  ; k2i ¼ hi
ς1iς
2
2iþς31i
  ; k3i ¼ hi
ς21iς2iþς32i
  :
Substituting Eq. (8) into Eqs. (3)–(6), the relationship of
deﬂections and internal forces between the top (z=0) and the
bottom (z=hi) at the ith segment can be expressed in the form
of the following matrix:
UAiðhiÞ
ψAiðhiÞ
PAiðhiÞ
MAiðhiÞ
8>>><
>>:
9>>>=
>>;
¼ TA	 
i
UAið0Þ
ψAið0Þ
PAið0Þ
MAið0Þ
8>>><
>>:
9>>>=
>>;
ð9Þ
The algebraic expression for each element in matrix [TA]i is
given in Appendix A. Based on the displacement and force
continuity conditions at the interface of the adjacent segments,
namely, {UAiþ1(0) ψAiþ1(0) PAiþ1(0) MAiþ1(0)}
T¼{UAi(h)
ψAi(h) PAi(h) MAi(h)}
T, the relationship of the deﬂections and
internal forces between the pile head and the pile tip can be
recurrently obtained as
UAðLÞ
ψAðLÞ
PAðLÞ
MAðLÞ
8>><
>>:
9>>=
>>;
¼ TA	 

UAð0Þ
ψAð0Þ
PAð0Þ
MAð0Þ
8>><
>>:
9>>=
>>;
ð10Þ
where [TA]¼ [TA]N[TA]N1…[TA]1 is called the transfer
matrix.
Matrix [TA] can be divided into four 2 2 sub-matrices,
TA11
	 

TA12
	 

TA21
	 

TA22
	 

" #
:
In such a case, Eq. (10) may be broken down into
UAðLÞ
ψAðLÞ
( )
¼ TA11
	 
 UAð0Þ
ψAð0Þ
( )
þ TA12
	 
 PAð0Þ
MAð0Þ
( )
ð11Þ
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MAðLÞ
( )
¼ TA21
	 
 UAð0Þ
ψAð0Þ
( )
þ TA22
	 
 PAð0Þ
MAð0Þ
( )
ð12Þ
The practical boundary conditions of a pile tip should be
within two extreme situations: ﬁxed tip (UA(L)¼0, ψA(L)¼0)
and free tip (PA(L)¼0, MA(L)¼0). It is obvious, physically,
that for an inﬁnitely long pile, the boundary conditions at the
pile tip have no effect on the mechanical properties at the pile
head. Substituting the boundary conditions at the pile tip into
Eqs. (11) and (12), the 2 2 horizontal dynamic impedance
matrix at the pile head, [ℜA], can be derived as
PAð0Þ
MAð0Þ
( )
¼ ℜA	 
 UAð0Þ
ψAð0Þ
( )
ð13Þ
For the ﬁxed tip:
ℜA
	 

f ixed
¼  TA12
	 
1
TA11
	 
 ð14Þ
For the free tip:
ℜA
	 

f ree ¼  TA22
	 
1
TA21
	 
 ð15Þ
2.2. Dynamic interaction of pile pair
The source pile, “A”, induces the dynamic displacements of
the soil and excites the receiver pile, “B”, through
the diffracted waves, as shown in Fig. 1(a). At receiver pile
“B”, the soil displacement can be obtained through the
following attenuation function suggested by Dobry and
Gazetas (1988)
usðz; tÞ ¼UsðzÞeiωt ¼ f ðs; θÞUAðzÞeiωt ð16aÞ
f ðs; θÞ ¼ f ðs; 0Þ cos 2θþ f s; π
2
 
sin 2θ ð16bÞA2i ¼ ς22ik1iUBið0Þþ h
2
i
EpIp
k1iMBið0Þς1ihik1i 2φiðs;θÞε1i A1iþς2ihik1i
2φiðs;θÞ
ε2i
C1i
B2i ¼ s22ik2iψBið0Þþ h
2
i
EpIp
k2iPBið0Þ 3ς21iþς22i
 
k2i
φiðs;θÞ
ε1i
B1iþ2ς22ik2i φiðs;θÞε2i D1i
C2i ¼ ς21ik1iUBið0Þ h
2
i
EpIp
k1iMBið0Þþς1ihik1i 2φiðs;θÞε1i A1iς2ihik1i
2φiðs;θÞ
ε2i
C1i
D2i ¼ ς21ik3iψBið0Þ h
2
i
EpIp
k3iPBið0Þþ2ς21ik3i φiðs;θÞε1i B1i ς21iþ3ς22i
 
k3i
φiðs;θÞ
ε2i
D1i
8>>>><
>>>>>:
ð20Þwhere Vs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðEsÞ=ð2ð1þvsÞρsÞ
p
is the shear wave velocity, Es,
vs, βs and ρs are Young's modulus, Poisson's ratio, radiation
damping and the mass density of the foundation soil, respec-
tively; VLa¼3.4Vs/[π(1vs)] is the Lysmer velocity. θ is the
angle between the center-line direction of two piles and the
direction of the applied horizontal force, as shown in Fig. 1(c).
s is the distance between two pile axes.
Utilizing the Pasternak model and considering the dynamic
interaction between the soil and the receiver pile, the hor-
izontal dynamic equilibrium of receiver pile “B”, embedded inthe ith layered foundation under the steady-state excitation, is
expressed as
EpIp
d4UBiðzÞ
dz4
ρpiApω2UBiðzÞgxi
d2UBiðzÞ
dz2
þ kxiþ icxiωð ÞUBiðzÞ ¼ kxiþ icxiωð Þf iðs; θÞUAiðzÞ ð17Þ
Taking φiðs; θÞ ¼ ððkxiþ icxiωÞ=ðEpIpÞÞf iðs; θÞ (f iðs; θÞ as the
attenuation function of the ith layer), Eq. (17) can be simpliﬁed as
d4UBiðzÞ
dz4
 δ
2
i
h2i
d2UBiðzÞ
dz2
 λ
4
i
h4i
uBiðzÞ ¼ φiðs; θÞUAiðzÞ ð18Þ
The general solution for Eq. (18) is
UBiðzÞ ¼ A2i cosh
ς1i
hi
zþB2i sinh
ς1i
hi
z
þC2i cos
ς2i
hi
zþD2i sin
ς2i
hi
z
þ zφiðs; θÞ
2ðς1i=hiÞ 2ðς1i=hiÞ2ðδi=hiÞ2
	 

 A1i sinh
ς1i
hi
zþB1i cosh
ς1i
hi
z
 
þ zφiðs; θÞ
2ðς2i=hiÞ 2ðς2i=hiÞ2þðδi=hiÞ2
	 

 C1i sin
ς2i
hi
zþD1i cos
ς2i
hi
z
 
ð19Þ
where A1i, B1i, C1i and D1i have been given in Eq. (8), and A2i,
B2i, C2i and D2i can be determined by the boundary conditions
of receiver pile “B”.
The following analysis steps are similar to those in Section 2.1,
and rotation angle ψBi(z), bending moment MBi(z) and shear
force PBi(z) of receiver pile “B” can also be obtained. Still
utilizing the initial parameter method, A2i, B2i, C2i and D2i can
be obtained asin which,
ε1i ¼ 2
ς1i
hi
 
2
ς1i
hi
 2
 δi
hi
 2" #
; ε2i ¼ 2
ς2i
hi
 
2
ς2i
hi
 2
þ δi
hi
 2" #
:
A local coordinate system for the ith segment of pile “B” is
deﬁned to describe the relationships of the deﬂections and the
internal forces between the top and the bottom of the pile.
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UBiðhiÞ
ψBiðhiÞ
PBiðhiÞ
MBiðhiÞ
8>><
>>:
9>>=
>>;
¼ TA	 
i
UBið0Þ
ψBið0Þ
PBið0Þ
MBið0Þ
8>><
>>:
9>>=
>>;
þ TB	 
i
UAið0Þ
ψAið0Þ
PAið0Þ
MAið0Þ
8>><
>>:
9>>=
>>;
ð21Þ
The algebraic expressions of each element in matrix [TA]i
and matrix [TB]i are given in Appendix B. Based on the
displacements and the force continuity conditions at the
interface of the adjacent pile segments of pile “B”, namely,
{UBiþ1(0) ψBiþ1(0) PBiþ1(0) MBiþ1(0)}
T¼{UBi(h) ψBi(h)
PBi(h) MBi(h)}
T, the relationship of the deﬂection and the
internal force between the head and the tip of the pile can be
obtained by the transfer matrix approach
UBðLÞ
ψBðLÞ
PBðLÞ
MBðLÞ
8>><
>>>:
9>>=
>>>;
¼ TA	 

UBð0Þ
ψBð0Þ
PBð0Þ
MBð0Þ
8>><
>>>:
9>>=
>>>;
þ TB	 

UAð0Þ
ψAð0Þ
PAð0Þ
MAð0Þ
8>><
>>>:
9>>=
>>>;
ð22Þ
in which,
TB
	 
¼ TA	 
N TA	 
N1⋯ TA	 
2 TB	 
1þ ∑N
i ¼ 2
TA
	 

N⋯ T
A
	 

iþ1
 TB	 
i TA	 
i1⋯ TA	 
1:
Transfer matrices [TA] and [TB] in Eq. (22) are also divided
into four 2 2 sub-matrices, following a procedure similar to
that used in Eq. (10). As the receiver pile, it is assumed that the
horizontal force and the bending moment at the head of pile
“B” is zero. Considering further the boundary conditions at
the tip of pile “B”, the relationships of the displacements and
the rotation angles between the heads of piles “A” and “B” can
be obtained as
UBð0Þ
ψBð0Þ
( )
¼ aðs; θÞ½ 
UAð0Þ
ψAð0Þ
( )
ð23Þ
For the ﬁxed tip of pile “B”:
aðs; θÞ½ f ixed ¼  TA11
	 
1
TB11
	 
þ TB12	 
 ℜA	 
f ixed  ð24Þ
For the free tip of pile “B”:
aðs; θÞ½ f ree ¼  TA21
	 
1
TB21
	 
þ TB22	 
 ℜA	 
f ree  ð25Þ
The horizontal interaction factor between the adjacent piles
is deﬁned as the ratio of the additional head displacement of
the receiver pile, which is caused by the source pile, to the
head displacement of the source pile. Letting [fA]¼ [ℜA]1,
the horizontal interaction factor between a pile pair is given by
αup ¼
UBð0Þ
UAð0Þ
¼ a1;1f
A
1;1þa1;2fA2;1
fA1;1
ð26Þ2.3. Dynamic impedance of pile group
With the superposition method, the dynamic impedance of a
pile group is given by superimposing the interaction factors
between each pile pair. All the pile pairs within the group are
considered at a time based on an assumption such that the
other piles in the group have no effect on the interaction within
the pile pair under consideration. We assume that there are N
identical piles with the same geometry and material properties.
They are connected through a rigid massless pile cap. There-
fore, the displacements of each pile head at z¼0 should be
equal to the displacement of the pile group, namely,
UGð0Þ ¼Unð0Þ ¼ ∑
N
m ¼ 1; man
1þαup;nm
 Pmð0Þ
ℜA1;1
ð27Þ
where αup;nm is the horizontal interaction factor between piles n
and m, ℜA1;1 is the horizontal impedance of a single pile, Pm is
the amplitude of the load applied to the head of pile m and UG
and Un are the amplitude of the transverse displacement of the
pile group and the amplitude of the transverse displacement of
the individual pile n at z¼0, respectively. Disregarding the
mass of the pile cap, the force equilibrium at the pile head
requires
∑
N
n ¼ 1
Pnð0Þ ¼ PGð0Þ ð28Þ
Solving Eqs. (27) and (28) simultaneously, the following
matrix equation is obtained:
1 αup;12 αup;13 ⋯ αup;1N 1
αup;21 1 αup;23 ⋯ αup;2N 1
αup;31 αup;32 1 ⋯ αup;2N 1
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
αup;N1 αup;N2 αup;N3 ⋯ 1 1
1 1 1 ⋯ 1 0
2
666666664
3
777777775
P1ð0Þ
P2ð0Þ
P3ð0Þ
⋮
PNð0Þ
UGð0ÞℜA1;1
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
¼
0
0
0
⋮
0
PGð0Þ
8>>>>><
>>>>>:
9>>>>>=
>>>>>;
ð29Þ
The solution for Eq. (29) gives group displacement UG(0)
and the forces being applied at each pile head Pn(0). Therefore,
the horizontal impedance of pile group ℜGhh is
ℜGhh ¼
PGð0Þ
UGð0Þ ¼K
G
hhþ ia0CGhh ð30Þ2.4. Internal forces along pile shafts
As already mentioned, the internal forces of each pile in the
group are affected not only by its own load, but also by its
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J. Wang et al. / Soils and Foundations 54 (2014) 927–937932neighboring piles. When pile “A” plays the role of a source
pile, as shown in Fig. 1(a), the dynamic internal force at any
position z in the ith layer of the foundation can be expressed
through the dynamic impedance of a single pile. In such a case,
the force and the moment acting at position z are
PAðzÞ
MAðzÞ
( )
¼ TAt21
	 

ℜA
	 
1þ TAt22	 
  PAð0ÞMAð0Þ
( )
ð31Þ
where [TAt]¼ [TA]i[TA]i-1…[TA]1, hj (j¼1,2,…,i1) in [TA]j
is the corresponding soil layer thickness, while hj in T
A
	 

i
takes z∑i1j ¼ 1hj.
When pile “A” plays the role of a receiver pile, subjected to
the displacement ﬁeld generated by the neighboring source pile
“B”, the dynamic internal forces at position z can be expressed
through the dynamic impedance of a single pile in the form of
PBðzÞ
MBðzÞ
( )
¼ TAt21
	 

a½ þ TBt21
	 
 
ℜA
	 
1þ TBt22	 
n o PBð0ÞMBð0Þ
( )
þ TAt22
	 
 PAð0Þ
MAð0Þ
( )
ð32Þ
where
TBt
	 
¼
TB
	 

1 i¼ 1
∑
i
j ¼ 1
TA
	 

i
⋯ TA
	 

jþ1 T
B
	 

j
TA
	 

j1⋯ T
A
	 

1 2r irN
;
8><
>:
hj(j¼1,2,…,i1) in [TA]j and [TB]j is the corresponding soil
layer thickness, hi in [T
A]j and [T
B]i, equals z∑i1j ¼ 1hj.
3. Comparative study
The horizontal dynamic interaction factors between two
piles embedded in homogeneous soil with Ep/Es¼1000 and
the horizontal impedances of a 3 3 pile group embedded in
homogeneous soil with Ep/Es¼1000 are studied for compar-
ison. The normalized parameters of the piles and the soil are
βs¼0.05, L/d¼20, ρp/ρs¼1.3 and vs¼0.4. The Winkler model
only considers the soil compressive stiffness; however, it
ignores the soil shear stiffness. In such a case, λG takes the
value of zero. Fwa et al. (1996) recommended that foundation
parameter ratio λG should be in the range of 0.35–0.55 for a
slab, by comparing the theoretical results and the experimental
identiﬁcations. For the Pasternak model in the present analysis,
the value of λG is assumed to be 0.5, which was commonly
used to show the effect of the soil shear by investigators such
as Coskun et al. (2008) and Ma et al. (2009). It is obvious that
the exact value for λG is dependent on the practical soil
properties, which can be obtained by means of an experimental
technique such as the dynamic identiﬁcation procedure
(Selvadurai, 1979). The present results for the Winkler
foundation model and the Pasternak foundation model are
compared with the semi-inﬁnite space solutions by Kaynia and
Kausel (1982) and the simpliﬁed analytical solution by
Mylonakis and Gazetas (1999), as given in Figs. 2 and 3. It
can be seen from Fig. 2 that compared to the solutions for theWinkler foundation (λG¼0), the present solutions for the
Pasternak foundation (λG¼0.5) are closer to Kaynia' solutions,
which are considered to be the rigorous solutions. It is seen
from Fig. 3 that the difference in dynamic impedances between
λG¼0 and 0.5 is considerable; it comes from the assembling
difference in all the pile pairs in the group.
Mylonakis and Gazetas (1999) presented the horizontal
dynamic interaction factors between two piles embedded in
non-homogeneous soil and the horizontal impedances of a
3 3 group embedded in non-homogeneous soil. Their rigor-
ous solutions were obtained through the boundary integral
technique, and the approximate solutions were obtained
through the energy consideration. The normalized parameters
of the piles and the soil are βs¼0.05, L/d¼20, ρp/ρs¼1.43 and
vs¼0.4. The modulus of the soil linearly varies from Ep/
Es¼1250 at z¼0 to Ep/Es¼500 at z¼L. In the present
analysis, the foundation is approximately divided into 15
uniform layers. This division provides enough computational
accuracy for the non-homogeneous soil. Fig. 4 gives a
comparison for the interaction factors with the available results
for s/d¼2, 5 and 10. Fig. 5 gives a comparison for the
impedance with the available results for s/d¼5. Comparing the
results for λG¼0 and λG¼0.5, it can be seen from Fig. 4 that
the effect of soil shear increases with the decrease in distance
ratio s/d. Moreover, it can be seen from Fig. 5 that the
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J. Wang et al. / Soils and Foundations 54 (2014) 927–937 933impedances of the pile group for λG¼0.5 are closer to the
rigorous solutions than those for λG¼0, especially at the peak
of the impedance.4. Effect of soil shear stiffness
To further explain the role of the soil shear behavior, some
numerical results for the dynamic interaction of a pile pair and
the impedances of a pile and a pile group obtained from the
Pasternak model and the Winkler model are given for
comparison. The radiation damping of the soil, βs¼0.05, thePoisson's ratio of the soil, vs¼0.4, the ratio of the foundation
parameters for the Pasternak model, λG¼0.5, the density ratio,
ρp/ρs¼1.25, and the aspect ratio, L/d¼20, are considered.
4.1. Impedance of a single pile
The relative differences in the horizontal impedance of a pile
between the Pasternak model and the Winkler model are
examined for different pile–soil elastic moduli, as given in
Fig. 6. It is observed from Fig. 6 that the impedance for a pile
in the Pasternak model is higher than that in the Winkler
model, and that the inﬂuence of the soil shear effect on the
dynamic stiffness is larger than that on the dissipative
damping. The relative difference in dynamic stiffness between
the two models is larger than 10% for the case of small Ep/Es,
such as Ep/Es¼500.
4.2. Dynamic interaction factors
The variation in interaction factors with the dimensionless
exciting frequency for three different pile–soil moduli (Ep/
Es¼500, 1000 and 5000) of a homogeneous foundation is
displayed in Fig. 7. The solutions obtained from the two soil
models are compared. We can see from Fig. 7 that interaction
factors obtained from the Pasternak model are larger than those
obtained from the Winkler model. The lower the ratio Ep/Es is,
the greater the difference between the two kinds of models
will be. Fig. 8 refers to a pair of interacting piles in a layered
foundation for three different pile distances, s/d¼2, 5 and 10,
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J. Wang et al. / Soils and Foundations 54 (2014) 927–937 935and three different pile angles, θ¼0o, 45o and 90o. It is seen
from Fig. 8 that the dynamic interaction factors ﬂuctuate with
the increase in dimensionless exciting frequency. With the
increase in pile distance and pile angle, the ﬂuctuation in
dynamic interaction factors increases. Moreover, we can see
from the above analysis that the Pasternak model always
presents greater ﬂuctuation amplitude than the Winkler model.
4.3. Impedance of a pile group
The horizontal impedances from the two models for 1 2,
2 2 and 3 3 pile groups in the aforesaid layered foundation
are shown in Fig. 9 for three different pile distances, s/d¼2, 5
and 10. It is seen from Fig. 9 that the impedances exhibit a
ﬂuctuation with the increase in dimensionless exciting fre-
quency. Moreover, with the increase in pile distance, the
ﬂuctuation increases. In most cases, the dynamic impedance
from the Pasternak model is greater than that from the
Winkler model.
5. Boundary conditions of pile tip
The dynamic impedance of piles under free-tip boundary
conditions, where the bending moment and the shear force0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
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Fig. 11. Relative amplitude of shear force at heads of corner piles and at head
of center pile in layered foundation.are equal to zero at the pile tip and under ﬁxed-tip boundary
conditions, where the displacement and rotation are equal to
zero at the pile tip, was analyzed by some researchers. Here, a
layered Pasternak model is used to analyze the impedances of
a pile and a pile group with respect to pile aspect ratio L/d.
Two different values are considered for the dimensionless
exciting frequency (a0¼1.0 and 1.5) at the two extreme pile
tip boundary conditions. The calculation parameters are as
follows: the radiation damping of the soil is βs¼0.05,
Poisson's ratio of the soil is vs¼0.4, the ratio of the
foundation parameters is λG¼0.5 and the density ratio is
ρp/ρs¼1.25. The numerical results are plotted in Fig. 10. It is
shown that the impedances of a pile and a pile group are
affected by the tip boundary conditions when aspect ratio L/d
is small. However, when L/d increases to a certain value,
which is called the effective pile length, the solutions
obtained from the free-tip conditions are consistent with
those from the ﬁxed-tip conditions. Moreover, it can be seen
from Fig. 10 that the dimensionless exciting frequency has
little effect on the value of the effective pile length. Since the
piles in practical engineering are usually longer than the
effective length, it is reasonable to assume that the piles have
an inﬁnite length.
6. Internal forces of piles in a group
Since piles in a group have different deformations, the
distribution of shear forces at the head of each pile in the
group is unequal even if all the piles have the same geo-
metric and material properties. We consider a 3 3 pile
group with an aspect ratio of L/d¼20, embedded in a three-
layered Pasternak foundation. The pile head of the group is
hinged. The other calculation parameters are the same as
those used in Section 5. The shear force amplitudes at the
head of a corner pile and at the head of the center pile, with
respect to the dimensionless exciting frequency, are plotted
in Fig. 11 for different pile distances. It can be seen from
Fig. 11 that for the low frequency excitation in a layered
foundation, the corner piles carry the largest portion of0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
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J. Wang et al. / Soils and Foundations 54 (2014) 927–937936applied load. When the dimensionless exciting frequency is
a0¼0.1, shear force amplitude |F1| varies from 1.25 times to
1.15 times the average applied force, as pile distance ratio
s/d increases from 2 to 5. By contrast, at the same low
frequency, the carrying load of the center pile varies only
from 0.45 times to 0.6 times the average load. Moreover, the
distribution of shear force is sensitive to the variation in
pile distance. With the increase in pile distance, the shear
force carried by the corner pile rises up; however, the shear
force carried by the center pile drops down.
The distributions of shear force and bending moment along the
shaft for the corner pile and the center pile of the 3 3 free-head
pile group are plotted in Fig. 12. For the free-head pile group, the
bending moment at the pile head is zero and the shear force is
equal to the load transmitted onto the pile through the cap. It can
be seen from Fig. 12 that the center pile carries the smaller head
load; however, it is more greatly affected by the nearby piles than
the corner pile. Therefore, the pile–soil–pile interaction is an
indispensable consideration in the seismic analysis.
7. Conclusions
In the present study, the dynamic impedances and internal
forces of a pile or a pile group embedded in a Pasternak elastic
foundation have been investigated within the framework of the
Euler–Bernoulli beam theory. A pile was divided into N
segments along its shaft according to the actual distribution
of soil properties considered. The transfer matrix method was
used to deal with the layered properties of the soil media.
The superposition approach, based on the interaction factors,
predicted the dynamic impedances of the pile group. The
correctness of the theoretical derivation and the calculation
program has been proved through a comparative study.
The effects of the boundary conditions, the pile–soil modulus
ratio and the pile distances on the impedances of a pile and a
pile group have been examined by a parameterized study.
The numerical results indicate that the difference between the
Winkler model and the Pasternak model increases with a
decrease in the pile–soil modulus ratio. It has been demon-
strated that the Pasternak model is more reasonable than the
Winkler model as a theory model, because it overcomes the
defect of the Winkler model, namely, the foundation shear
stiffness is ignored. These dynamic impedances, which repre-
sent the dynamic stiffness and the damping of the soil media
surrounding the piles, provide a simple means to account for
soil–structure interaction when the seismic response of struc-
tures is studied.
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support is gratefully acknowledged.Appendix A. Elements in matrix [TA]i
TA
	 

i
¼
ti_11 ti_12 ti_13 ti_14
ti_21 ti_22 ti_23 ti_24
ti_31 ti_32 ti_33 ti_34
ti_41 ti_42 ti_43 ti_44
2
66664
3
77775;
in which,
ti_11 ¼ k1i ς22i cosh ς1iþς21i cos ς2i
 
;
ti_12 ¼  ς22ik2i sinh ς1iþς21ik3i sin ς2i
 
;
ti_13 ¼
h2i
EpIp
k2i sinh ς1ik3i sin ς2ið Þ;
ti_14 ¼
k1ih
2
i
EpIp
cosh ς1i cos ς2ið Þ;
ti_21 ¼
k1iς1iς2i
hi
ς1i sin ς2iς2i sinh ς1ið Þ;
ti_22 ¼
ς1iς2i
hi
ς2ik2i cosh ς1iþς1ik3i cos ς2ið Þ;
ti_23 ¼
hi
EpIp
ς2ik3i cos ς2iς1ik2i cosh ς1ið Þ;
ti_24 ¼
hik1i
EpIp
ς1i sinh ς1iþς2i sin ς2ið Þ;
ti_31 ¼
EpIpς21iς
2
2ik1i
h3i
ς1i sinh ς1iþς2i sin ς2ið Þ;
ti_32 ¼
EpIpς21iς
2
2i
h3i
k3iς2i cos ς2ik2iς1i cosh ς1ið Þ;
ti_33 ¼
ς31ik2i cosh ς1iþς32ik3i cos ς2i
hi
;
ti_34 ¼
k1i
hi
ς31i sinh ς1iς32i sin ς2i
 
;
ti_41 ¼
EpIpς21iς
2
2ik1i
h2i
cosh ς1i cos ς2ið Þ;
ti_42 ¼
EpIpς21iς
2
2i
h2i
k3i sin ς2ik2i sinh ς1ið Þ;
ti_43 ¼ ς21ik2i sinh ς1iþς22ik3i sin ς2i;
ti_44 ¼ k1i ς21i cosh ς1iþς22i cos ς2i
 
:Appendix B. Elements in matrix [TB]i,
TB
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1
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i; T
B
3
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n oT
in which,
TBj
h i
i
¼
ς22ik1ibi_j1þς21ik1ibi_j3
ς22ik2ibi_j2ς21ik3ibi_j4
h2i k2i=EpIp
 
bi_j2 h2i k3i=EpIp
 
bi_j4
h2i k1i=EpIp
 
bi_j1 h2i k1i=EpIp
 
bi_j3
2
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3
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T
j¼ 1; 2; 3; 4ð Þ;
bi_11 ¼ 2ς1ihik1i cos ς2i cosh ς1ið Þþhi sinh ς1i½  φiðs;θÞε1i
bi_12 ¼  ς22iþ3ς21i
 
k2i sinh ς1iþ2ς21ik3i sin ς2iþhi cosh ς1i
	 
φiðs; θÞ
ε1i
;
bi_13 ¼ 2ς2ihik1i cosh ς1i cos ς2ið Þhi sin ς2i½ 
φiðs; θÞ
ε2i
;
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